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Chapter 2: Limits

1 @)

/—1 0 1

Proposition 1.

1. If f(z) = k is a constant function, then

lim f(x) = lim k = k.

Tr—cC Tr—c

For instance, lim 9 = 9.
r—1

2. If f(z) = z, then

lim f(x) = limz = c.
Tr—cC r—cC

For instance, lim x = 3.
r—3

Proposition 2. (Algebraic properties of limits, +,—,x, =)

If lim f(z) and liin g(x) both exist (important!), then

r—cC

L. lim(f(x) + g(x)) = lim f(z) + lim ()

Tr—cC r—cC

2. lim(f(x) —g(z)) = lim f(x) — lim g(z)

3. lim(f(x)g(x)) = lim f(z) - lim g(x)

Especially, hin kf(z) =k hin f(x) for any constant k

. _ z—c 1 o
4. glﬁlglc (@) A () if }:lglcg(tl,) # 0.
r—cC

@ lim (f(2))” = [lim f()|"if [lim f(2)]” exists
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Chapter 2: Limits 2-4

Example 2.1.4. Compute the following limits:
1. lim(2® + 22 — 5)
z—1
44 .2
2 lim 2T 1
—2 ¢+ 5

3. lim 422 -3

T——2
Solution.
1. lim(2® +22 —5) = lim 2 + lim 2z — lim 5 =1 4+2-1 -5 = -2,
z—1 z—1 z—1 z—1
: 4 2 : 4 y 2
o i Pt O O (e I Y /1
Tao2 2245 lim{z% + 5) lim 22 + lim 5 9
T—2 T—2 T—2
@ hm lim (422 —3) =,/ lim 422 — lim 3 =+16—3 = \/
T—— 2 T—— T——2 T——2

) fale (s) @ b&e .
e > 4H4)-% = 3 at

Remark. Generalizing the arguments for the first example above: the limit of any polyno-

mial function P(z),

lim P(z) = P(c).

r—cC
Exercise 2.1.1. Compute the following limits:

. 1 . 2 31’
lim ; lim | z° —
z—1x—1 z—1 r+5

Example 2.1.5. (Cancelling a common factor)
Find the limit:

2 -1
111’117
x%1x2—33§‘—|—2

Solution. We can’t directly use property of division of limit because the denominator lim1 (22—
T
3x+2)=1>-3x1+2=0.




Chapter 2: Limits 2-5

Example 2.1.6. Compute f
. 23 —5r+4
lim ————.
r—1 x2 +2x—3
Solution. Write p(z) = 23 — 5z + 4 and q(x) = 2 + 2z — 3. Because p(1) = ¢(1) =0, z — 1
is a factor of p(x) and ¢(x). We obtain

p(z) = (z—1) (2 +x—4)and ¢(z) = (z — 1)(z + 3).

Then
=5z +4 . (x—1)(2*+x—4)
lim ———— = lim
a—122+2r—3 2-1  (x—1)(z+3)
x4 —4
= lim ——

z—1 T+ 3
1241—14 1

1+3 2
[ |
Example 2.1.7. (Rationalization)
-1
Let f : [0,00)\{1} — R defined by f(z) = \/51 Find lim1 f(x).
xr — T—
Solution. For x # 1.
V-1 _ Jz—1 Jo+1 z—1 1
r—1 -1 o+l (z—-1)(Vor+1) o+l
Hence
lim Vo -1 = lim ! = 1
z—=1 x—1 z—1 \/5 +1 2
[ |
Example 2.1.8. (Rationalization and Cancellation)
Find
lim @
z—1 x4 — 1
Solution.

Vi-l_ . (E-D(/E+])

T T e oD
= lim T
O e =D+ 1)
1 1

= T 1






